Abstract. Let P ⊂ R d be a (0, 1)-polytope of dimension d which contains the origin of R d . Suppose that the configuration A arising from P satisfies ZA = Z d+1 and that the toric ideal I A of A possesses a squarefree initial ideal with respect to the reverse lexicographic order induced by an ordering of the variables for which the variable corresponding to the origin is the weakest. It is then proved that the equation of each facet of P is of the form
Example 0.2. The order polytope as well as the chain polytope ( [7] ) of a finite partially ordered set is a (0, 1)-polytope satisfying the conditions of Theorem 0.1. See [3] and [6] . 
Hence the equation of the facet of P with the vertices
where each a i is an integer. A proof of Theorem 0.1, which is based on the basic theory of squarefree initial ideals of toric ideals, will be given in Section 2. Section 1 is devoted to laying the foundation of required techniques with discussing free sums of convex polytopes.
Free sums of convex polytopes
In general, for a convex polytope P ⊂ R d and for each integer n ≥ 1, we write nP for the convex polytope {nα : α ∈ P} ⊂ R d . We say that an integral convex polytope P ⊂ R d possesses the integer decomposition property if, for each n ≥ 1 and
be an integral convex polytope of dimension d and A ⊂ Z d+1 the configuration arising from P. We say that A is normal if
where Z ≥0 is the set of nonnegative integers and Q ≥0 is the set of nonnegative rational numbers.
Recall from [4, Chapter IX] what the Ehrhart polynomial of an integral convex polytope is. Let P ⊂ R d be an integral convex polytope of dimension d and, for each integer n ≥ 1, write i(P, n) for the number of integer points belonging to nP, i.e., i(P, n) = |nP ∩ Z d |. It is known that i(P, n) is a polynomial in n of degree d with i(P, 0) = 1. We call i(P, n) the Ehrhart polynomial of P. We then define the integers δ 0 , δ 1 , δ 2 , . . . by the formula
It then follows that δ n = 0 for n > d. The polynomial 
Thus in particular H
We then define the integers h 0 , h 1 , h 2 , . . . by the formula
A basic fact [1, Theorem 11.1] of Hilbert functions guarantees that h n = 0 for n ≫ 0. We say that the polynomial 
Proof. It follows that P possesses the integer decomposition property if and only if, for α ∈ nP ∩ Z d , one has (α, n) ∈ Z ≥0 A. Since ZA = Z d+1 , it follows that A is normal if and only if Z ≥0 A = Z d+1 ∩ Q ≥0 A. Moreover, for α ∈ Q d , one has α ∈ nP if and only if (α, n) ∈ Q ≥0 A. Hence (i) ⇔ (ii) follows.
In general, one has i(P, n) ≥ H(K[A], n) for n ∈ Z ≥0 . Furthermore, it follows that i(P, n) = H(K[A], n) for all n ∈ Z ≥0 if and only if P possesses the integer decomposition property. Hence (i) ⇔ (iii) follows.
Let P ⊂ R d and Q ⊂ R e be convex polytopes and suppose that each of them contains the origin (of R d or R e ). Let e 1 , . . . , e d , e d+1 , . . . , e d+e denote the standard unit coordinate vectors of R d+e . We introduce the canonical injections µ :
by setting µ(α) = (α, 0, . . . , 0) ∈ R d+e with α ∈ R d and ν : R e → R d+e by setting ν(β) = (0, . . . , 0, β) ∈ R d+e with β ∈ R e . In particular µ(0, . . . , 0) = ν(0, . . . , 0) is the origin of R d+e . Then µ(P) and ν(Q) are convex polytopes of R d+e with µ(P) ∩ ν(Q) = (0, . . . , 0) ∈ R d+e . The free sum of P and Q is the convex hull of the finite set µ(P) ∪ ν(Q) in R d+e . It is written as P ⊕ Q. One has dim P ⊕ Q = dim P + dim Q.
Lemma 1.2. Work with the same notation as above. Let A ⊂ Z
d+1 be the configuration arising from P and B ⊂ Z e+1 the configuration arising from Q. Let A ⊕ B ⊂ Z d+e+1 denote the configuration arising from the free sum P ⊕ Q ⊂ R d+e . Suppose that
Furthermore, if P ⊕ Q possesses the integer decomposition property, then
If, furthermore, P ⊕ Q possesses the integer decomposition property, then each of P and Q possesses the integer decomposition property. Lemma 1.1 then says that δ(
). Hence δ(P ⊕ Q) = δ(P)δ(Q), as required. Example 1.3. Even though P and Q possess the integer decomposition property, the free sum P ⊕ Q may fail to possess the integer decomposition property. For example, the convex polytope P of Example 0.3 possesses the integer decomposition property, but the free sum P ⊕P fails to possess the integer decomposition property.
Proof of Theorem 0.1
Let P ⊂ R d be an integral convex polytope of dimension d which contains the origin of R d and A ⊂ Z d+1 the configuration arising from P. Let Q ⊂ R e be an integral convex polytope of dimension e which contains the origin of R e and B ⊂ Z e+1 the configuration arising from Q. We then write A ⊕ B ⊂ Z d+e+1 for the configuration arising from the free sum P ⊕ Q ⊂ R d+e . Let I A ⊂ K[{x α } α∈P∩Z d ] be the toric ideal of A and I B ⊂ K[{x β } β∈Q∩Z e ] the toric ideal of B. We fix a reverse lexicographic order < P on K[{x α } α∈P∩Z d ] induced by an ordering of the variables for which the variable corresponding to the origin is the weakest and a reverse lexicographic order < Q on K[{x β } β∈Q∩Z e ] induced by an ordering of the variables for which the variable corresponding to the origin is the weakest.
Let
We fix a reverse lexicographic order < on K[{x γ } γ∈(P⊕Q)∩Z d+e ] with the properties that x α < P x α ′ if and only if x µ(α) < x µ(α ′ ) and that x β < Q x β ′ if and only if
Lemma 2.1. Work with the same notation as above. Let G < P denote the reduced Gröbner basis of I A with respect to < P and G < Q the reduced Gröbner basis of I B with respect to < Q . Then the reduced Gröbner basis G < of I A⊕B with respect to < is
is an irreducible binomial belonging to 
there is f ∈ G < P for which in < P (f ) divides u. Hence in < (h) is divides by in < (µ(f )).
• Let q = 0 and suppose that in ) . Let, say, such a variable appears in µ(v). Then u − v ∈ I A and in < P (u − v) = u. Thus there is f ∈ G < P for which in < P (f ) divides u. Hence in < (h) is divided by in < (µ(f ) ). This completes the claim that the right-hand side of (2) is a Gröbner basis of I A⊕B with respect to <. Since both G < P and G < Q are reduced, it follows that G < is reduced, as desired.
We are now in the position to give a proof of Theorem 0.1.
Proof of Theorem 0.1. Since P ⊂ R d is a (0, 1)-polytope, the free sum P ⊕ P ⊂ R 2d satisfies the condition (1) of Lemma 1.2. Let A⊕A ⊂ Z 2d+1 denote the configuration arising from P ⊕ P. Now, by virtue of Lemma 2.1, it follows that the toric ideal I A⊕A possesses a squarefree initial ideal. It then turns out that the configuration A ⊕ A is normal ([5, Corollary 5.6.8]). Since ZA = Z d+1 , one has Z(A ⊕ A) = Z 2d+1 . Hence Lemma 1.1 says that P ⊕ P possesses the integer decomposition property. Thus Lemma 1.2 says that δ(P ⊕ P) = δ(P)
2 . Finally, the desired property of the facets of P follows from [2, Theorem 1.4].
Our discussion shows that a (0, 1)-polytope P ⊂ R d of dimension d satisfies the condition on its facets described in Theorem 0.1 if and only if the free sum P ⊕ P possesses the integer decomposition property.
